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ABSTRACT 
A n  organized e f f o r t  i s  p r e s e n t l y  being conducted by 
Future P r o j e c t s  Branch, involving a group of both in-house 
and con t r ac to r  personnel, for t h e  purpose of advancing 
t h e  theory  of space f l i g h t  and adapt ive guidance, and 
developing and improving t h e  techniques of t h e i r  a p p l i -  
c a t i o n  t o  present  and p o t e n t i a l  Saturn missions.  S t a t u s  
Report #1 intpoduced t h e  s c i e n t i f i c  d i s c i p l i n e s  involved 
and broadly ou t l ined  t h e  o v e r a l l  working phi losophies  of  
t h e  group. The present  repor t  summarizes and comments 
on t h e  r e s u l t s  obtained by t h e  group t o  d a t e  i n  t h e  
in,volved s c i e n t i f i c  d i s c i p l i n e s  of Celestial Mechanics, 
Calculus of Var ia t ions ,  Large Computer Exploi ta t ion,  and 
t h e i r  app l i ca t ion .  
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SUMMARY 
An organized e f f o r t  i s  p re sen t ly  being conducted by 
Future  P r o j e c t s  Branch, involving a group o f  both in-Qouse 
and con t r ac to r  personnel, f o r  t h e  purpose of advancing 
the  theory  of space f l i g h t  and adapt ive guidance, and 
developing and improving t h e  techniques of t h e i r  app l i -  
c a t i o n  t o  present  and p o t e n t i a l  Saturn missions.  S t a t u s  
Report #1 int roduced t h e  s c i e n t i f i c  d i s c i p l i n e s  involved 
and broadly ou t l ined  t h e  o v e r a l l  working phi losophies  of 
t h e  group. 
on t h e  r e s u l t s  obtained by the group t o  d a t e  i n  t h e  
involved s c i e n t i f i c  d i s c i p l i n e s  o f  Celestial  Mechanics, 
Calculus of Var ia t ions ,  Large Computer Explo i ta t ion ,  and 
t h e i r  app l i ca t ion .  
The present  repor t  summarizes and comments 
. 
INTRODUCTION 
by 
W. E .  Miner 
The following m a t e r i a l  p r e s e n t s  the  e f f o r t s  of t h e  Future  P r o j e c t s  
Branch of t h e  A e r o b a l l i s t i c s  Div is ion ,  i t s  c o n t r a c t o r s ,  and a s s o c i a t e s  
dur ing  the  period from March 1962 through November 1962. 
Here we do no t  propose t o  g ive  the  background m a t e r i a l  f o r  t he  
Sfa tus  Report #l should be read  f o r  t h i s  background. The s t u d i e s .  
paragraphs which follow i n  t h i s  i n t r o d u c t i o n  summarize t h e  work i n  
the  var ious  f i e l d s  of s tudy .  
The f i r s t  paper by M i r t  Davidson on " C e l e s t i a l  Mechanics" p o i n t s  
up two th ings .  F i r s t ,  D r .  R. F. Arenstorf of t he  Computation Div i s ion  
has made s i g n i f i c a n t  c o n t r i b u t i o n  t o  the  f i e l d  i n  h i s  no te  "Per iodic  
So lu t ions  of  t he  R e s t r i c t e d  Three Body Problem Representing Analy t ic  
Continuation of Keplerian E l l i p t i c a l  Motion." 
been made both in-house and out-of-house i n  ob ta in ing  i n s i g h t  i n t o  
the  problems o f  earth-moon t r a j e c t o r i e s .  In-house, M i r t  Davidson 
d i sp lays  a simple geometrical  p rope r ty  when considered a s  a func t ion  
of the  s p e c i a l  i n i t i a l  va lues .  
t he  Hamilton-Jacobi approach using the  Eu le r  f ixed  c e n t e r  problem as 
a base.  
Second, progress  has 
Republic Avia t ion  i s  cont inuing  work on 
Two approaches have been d iscarded  a s  having no m e r i t .  I n  t he  
engineer ing  sense of developing cu to f f  equat ions ,  w e  a r e  s t i l l  f a r  
away from so lu t ions  and w i l l  s t a r t  work on some empir ica l  procedure 
based on spec ia l  p e r t u r b a t i o n  procedures such a s  i s  being developed 
by D r .  Hans Sper l ing .  
The paper o n  "Calculus of Var ia t ions"  p r e s e n t s  t h r e e  main a r e a s  
of work. The f i r s t  i s  t h a t  of s t u d i e s  i n t o  the  t r a n s v e r s a l i t y  cond i t ions  
a t  s t a g i n g  p o i n t s .  The second i s  t h a t  o f  t he  development of means 
t o  check the Jacob i  cond i t ions  (uniqueness of s o l u t i o n )  needed f o r  
a su f f i c i ency  check on the  t r a j e c t o r y .  The l a t t e r  work was  done 
by D r .  Robert Hunt whi le  he was wi th  us .  The l a s t  s e c t i o n  d i scusses  
some work s t a r t e d  i n  developing procedures f o r  r e e n t r y  s t u d i e s .  
This process i s  n o t  i n  the  s t a t e  of development where i t  could be  
c a l l e d  a t r u e  a p p l i c a t i o n .  It may, i n  gene ra l ,  be  s t a t e d  t h a t  t he  
s t u d i e s  i n  c a l c u l u s  o f  v a r i a t i o n s  are  p rogres s ing  very w e l l .  
The work r epor t ed  on by Nolan Braud i n  "Large Computer Explo i ta t ion"  
shows th ree  a r e a s  of accomplishment. The f i r s t  i s  t h a t  of t h e  func t ion  
. 
L 3 
. 
d i f f e r e n t i a l  generator .  It i s  hoped t h a t  t h i s  t oo l  w i l l  be r e f i n e d  i n  
o rde r  t o  increase  i t s  usefulness.  A t  p re sen t  we  have a tape wi th  
t h e  opera t ion  def ined and a r e  using i t  t o  ob ta in  d i f f e r e n t i a l s .  
The d i f f e r e h t i a l s  generated a r e  t o  be used in-house f o r  numerical 
methods of def in ing  s t e e r i n g  equations.  The second i t e m  of importance 
is  the  developments toward t h e  u s e  of l i n e a r  p rograming  i n  determining 
t h e  s t e e r i n g  func t ion  from empir ical  da t a .  The p o t e n t i a l  here  i s  t h a t  
of b e t t e r  c o n t r o l  of e r r o r .  The l a s t  major accomplishment i s  t h a t  of 
developing b e t t e r  means f o r  l e a s t  squares  f i t s  by use of orthonormal 
polynomials. This approach a l l o w s  g r e a t e r  c o n t r o l  of t he  accuracy of 
approximation and should a l l e v i a t e  the  requirement of using r e s i d u a l  
procedures t o  improve accuracy. The cond i t ion  f o r  ex i s t ence  of 
m u l t i v a r i a b l e  l e a s t  squares approximating polynomials developed by 
Nor theas t  Louisiana S t a t e  College i n d i c a t e s  t h a t  no check needs t o  
be made f o r  t h i s  condi t ion.  
The a p p l i c a t i o n s  paper presents  some of t he  major a r e a s  of work 
i n  the  th ree  p r o j e c t  s ec t ions  of our  branch. This work i s  d e t a i l e d  
i n  r e p o r t s  of t he  branch and only a review is  given here .  These 
major s tudy a r e a s  a r e :  
1. Studies  f o r  Manned Lunar F l i g h t  through Lunar O r b i t a l  Rendezvous, 
2. Lunar L o g i s t i c s  System S tud ie s ,  and 
3 .  Adaptive Guidance Applicat ions.  
Some of t h e  work of Boeing Hun t sv i l l e  i s  reported.  This work 
i s  on coas t ing  per iods  dur ing  the  a s c e n t  phase. 
I n  conclusion,  i t  may be noted t h a t  t he  weakest a r ea  of endeavor 
(from the  s tandpoin t  of resul ts  use fu l  i n  the  a p p l i c a t i o n s )  i s  that 
of  c e l e s t i a l  mechanics. Notable progress  i s  being made i n  ca l cu lus  of 
v a r i a t i o n s  and l a r g e  computer exp lo i t a t ion .  
Page intentionally left blank 
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C E L E S T I A L  MECHANICS 
BY 
M. C. Davidson 
S E C T I O N  I. INTRODUCTION 
This s e c t i o n  gives  a brief survey of the progress  made, 
bo th  in-house and out-of-house, i n  t he  f i e l d  of c e l e s t i a l  
mechanics s i n c e  the u b l i c a t i o n  of the preceding s t a t u s .  
r e p o r t  (Reference 17. During t h i s  t i m e  s i g n i f i c a n t  advances 
have been made,especially i n  the s tudy  of pe r iod ic  motion. 
Here a t  Marshall D r .  Arenstorf has given an ex is tence  proof 
f o r  pe r iod ic  o r b i t s  of the second kind, answering a s i g n i f i -  
can t  quest ion which dates back t o  the n ine teenth  century.  
A s  a r e s u l t  of a s p e c i a l  r ep resen ta t ion  of the s o l u t i o n s  of 
the r e s t r i c t e d  three body problem, w e  are able t o  i n f e r  a 
geometr ical  property.  These r e s u l t s  and o the r s  a r e  t o  be 
d iscussed  i n  the fol lowing sec t ions .  
S E C T I O N  11. P E R I O D I C  MOTION I N  THE 
R E S T R I C T E D  THREE BODY PROBLEN 
A. INTRODUCTORY COMMENTS 
L e t  the d i f f e r e n t i a l  equations f o r  the r e s t r i c t e d  three 
body problem i n  the usua l  r o t a t i n g  Cartesian coordinate  system 
be w r i t t e n  as 
Gk = fk (xi3 x2, x3, x4, p )  , ( k  = 1=--4), (1) 
where x l  and xa are the pos i t i on  coordinates ,  x3 and x4 are 
the corresponding momenta, and p i s  the mass r a t i o ,  (Reference 
4 ) .  Since the system (1) i s  autonomousthe condi t ions f o r  a 
s o l u t i o n ,  Xk(t ,  4,  p ) ,  t o  be pe r iod ic  w i t h  per iod  7 m a y  be 
w r i t t e n  as 
( 2 )  
Fk (7, 4, p )  = X k  (7, 6, p )  - ek = 0 ,  (k = 1---4), 
where 4 represents  the  fou r  i n i t i a l  values  
ek = X k  ( t  = 0 )  , (k = 1...4). 
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I n  c e r t a i n  cases  a symmetry proper ty  i n  the r e s t r i c t e d  
problem a l lows  us  t o  reformulate  condi t ion  ( 2 ) .  It i s  known 
tha t  i f  an o r b i t  cu t s  t he  XI axis or thogonal ly ,  then t h i s  
o r b i t  i s  symmetrical w i t h  r e spec t  t o  the X I  axis. If we 
take the  i n i t i a l  values t o  be a t  such a cross ing ,  condi t ion  
( 2 )  may be w r i t t e n  as 
where t2 and (3 a r e  taken t o  be zero.  
L e t  us  now discuss  a theorem that  allows us under 
c e r t a i n  conditions t o  i n v e r t  i m p l i c i t  equat ion such as ( 2 )  
and (3) .  
I n  our case the  i m p l i c i t  func t ion  theorem may be s t a t e d  
as fol lows:  l e t  the func t ions  
be holornorphic i n  a l l  m+2 va r i ab le s  a t  t h e  poin t  
Further ,  suppose the p)c i s  a p a r t i c u l a r  s o l u t i o n  t o  t h e  
system 
Then, t h e  funct ions 
e x i s t  as holornorphic func t ions  of t h e  two complex v a r i a b l e s  
Ym+l  and ym+2 i n  a neighborhood of t h e  poin t  
. 
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s o  long as the Jacobian, 
where D3t is  evaluated a t  the po in t  P. 
I n  applying t h i s  theorem t o  e i ther  ( 2 )  o r  (3), t h e  
holomorphic condi t ions are r e fe r r ed  t o  t he  Cauchy-Poincare' 
ex i s t ence  theorem (Reference 6) .  
The e s t a b l i s h i n g  of  a p a r t i c u l a r  s o l u t i o n  i s  poss ib l e  by 
use of the Kepler problem, p = 0. I n  t h i s  case,  p = 0, and 
equat ions (1) are t h e  d i f f e r e n t i a l  equat ions f o r  Kepler 
motion referred t o  a r o t a t i n g  coordinate  system r o t a t i n g  w i t h  
angular  speed one. There are two p o s s i b i l i t i e s ;  first, i f  
the Kepler motion i s  c i r c u l a r  i n  an i n e r t i a l  frame, t h i s  
motion referred t o  t h e  r o t a t i n g  system is  a l s o  pe r iod ic  and 
symmetric and,hence, is  a so lu t ion  o f  ( 2 )  and of (3);  second, 
i f  the i n e r t i a l  motion i s  a proper e l l i p s e ,  i t s  per iod must 
be commensurable w i t h  27r t o  be a s o l u t i o n  of ( 2 )  and o f  (3) .  
From these  so lu t ions ,  provided that one of the poss ib l e  W I s  
does not  vanish, w e  may perform the  necessary,  a n a l y t i c  
cont inua t ion  producing per iodic  s o l u t i o n s  f o r  small 1.1 > 0. 
If the a n a l y t i c  cont inuat ion i s  s t a r t e d  from a c i r c u l a r  
s o l u t i o n  f o r  p = 0, the per iodic  s o l u t i o n  thus  obtained f o r  
p > 0 i s  said t o  be of t h e  f i rs t  kind. S imi la r ly ,  f o r  
e l l i p t i c  s o l u t i o n s  w e  obtain p e r i o d i c  s o l u t i o n s  of the second 
kind. 
B. PERIODIC SOLUTIONS OF THE FIRST KIND 
I t i s a c l a s s i c a l  r e s u l t  tha t  there exist  pe r iod ic  o r b i t s  
of t h e  first kind f o r  small p > 0 s o  long as the i n c p t i a l  
per iod  of t h e  o r i g i n a l  c i r c u l a r  s o l u t i o n  i s  not  t h e  r ec ip roca l  
of  a non-zero in t ege r .  Th i s  proof w a s  g iven by Poincare ' in  
1892 and produces a one parameter fami ly  o f  such o r b i t s .  
Poincare'made the cont inuat ion i n  an i s o p e r i o d i c  manner. 
Later cont inua t ion  was ca r r i ed  out  i n  a i s o e n e r g e t i c  manner; 
however, t h i s  produced the same family.  
10 
Siege1 has shown, (Reference 6), t ha t  i s o p e r i o d i c  
s o l u t i o n s  o f  the f i r s t  kind e x i s t  about both masses for 
s u r f i c i e n t l y  l a r g e  values of  t he  o r i g i n a l  c i r c u l a r  per iod 
and a l l  p i n  [0, 11. The Four ie r  s e r i e s  thus  obtained 
allows one to cons t ruc t  the i n i t i a l  values  of such o r b i t s .  
A t  present t h e r e  i s  no method of cons t ruc t ing  these 
o r b i t s  for a l l  p i n  [O, 11 and a l l  values of t h e  c i r c u l a r  
per iod not equal  t o  t h e  r e c i p r o c a l  of t h e  non-zero i n t e g e r .  
C. PERIODIC SOLUTIONS O F  THE SECOND KIND 
The h i s t o r i c a l  background of t h i s  problem i s  l a r g e  and 
i s  given i n  Reference 3. It s u f f i c e s  t o  say that more than  
one mathematician of renown, inc luding  Poincare' and 
Birkhoff ,  have published i n c o r r e c t  proofs of  t h e i r  ex is tence .  
Here a t  Marshall Dr. Arenstorf,by t h e  use of s u i t a b l e  
va r i ab le s ,  condi t ion  ( 3 ) ,  and the  i m  l i c i t  func t ion  theorem 
has given a v a l i d  proof (Reference 37. 
for a given k/m, m > 0, where k and m are non-zero i n t e g e r s ,  
and t h e  i n e r t i a l  per iod of the e l l i p t i c  motion equals  k/m, 
that  t he re  e x i s t s  pe r iod ic  s o l u t i o n s  of t h e  second kind 
w i t h  f i n i t e l y  many exceptions of the eccent r ic i ty_  _" for 
0 < € < 1 .  
He has shown that  
. -  
SECTION 111. PERTURBATION TECHNIQUES 
The f o r m a l  pe r tu rba t ion  method of Hamilton-Jacobi, 
app l i ed  t o  t h e  r e s t r i c t e d  problem i s  being pursued by Republic 
Aviation. This process i s  q u i t e  lengthy, but does o f f e r  some 
hope of gaining information about the problem. 
The,in-house e f f o r t  based on canonical i n i t i a l  values has 
been a t  l e a s t  temporar i ly  terminated.  The use of the func t ions  
coming from thrs method t o  represent  s o l u t i o n s  t o  t h e  i n i t i a l  
value problem o f fe red  no s i g n i f i c a n t  advantage over s imple r  
f i t t i n g  techniques; however, the fol lowing r e s u l t  has i t s  
o r i g i n  i n  these s t u d i e s .  
Let the s o l u t i o n s  of (1) be w r i t t e n  as 
11 
w i t h  i n i t i a l  values  
, -  
, -  e =  [;I 
, 
Suppose there exists a func t ion  w ( t ,  q )  and a t* > 0 
such that 
where w(t,  q )  s a t i s f i e s  an autonomous d i f f e r e n t i a l  equation, 
s a y  
; = g(w) 
f o r  a r b i t r a r y  i n i t i a l  values q. Further ,  t he  f o u r  by fou r  
matrix R ( t )  i s  to s a t i s f y  
f o r  a l l  t l  and t2 i n  the  i n t e r v a l  [-t*, t*]. Then the  
fol lowing is  t r u e  (Reference 5) .  
If z ( t ,  4 )  be the value of z a t  time t w i t h  i n i t i a l  
values  4, then the values  of  z ( t ,  R ( p )  4 )  a t  time t w i t h  
i n i t i a l  values  R(p)€,  is R(p)z( t ,  4 )  f o r  a l l  p and t such 
that 
The per turba t ion  method of canonical  i n i t i a l  values  
(References 2 and 4) gives  such a func t iona l  r e l a t i o n s h i p  
where w ( t ,  7)) represents  t h e  s o l u t i o n  of E u l e r ' s  problem of 
two fixed centers .  Here the matrix R ( p )  i s  
I 12 
N P )  = 9 
s i n  p 
cos p 
cos p s i n  p 0 
- s in  p cos p 0 
0 0 cos p 
0 0 - s i n  p 
which corresponds t o  r o t a t i n g  t h e  i n i t i a l  values through a n  
angle  p. 
problem t h e  mass 1-p, earth and the mass p, moon ( p  small). 
Now assume we have an earth t o  moon t r a j e c t o r y  s t a r t i n g  w i t h  
i n i t i a l  values, say  zo. Then the  one parameter family of 
t r a j e c t o r i e s  def ined by the one parameter s e t  of i n i t i a l  
values  R(p) zo would spread out accordingly as 
For v i sua l i za t ion ,  l e t  us  c a l l  i n  the r e s t r i c t e d  
On t h e  o ther  hand, suppose we have a moon t o  e a r t h  t r a j e c -  
t o r y  s t a r t i n g  w i t h  i n i t i a l  values near  the moon, say Z O . '  
Then as before t h e  one parameter s e t  of t r a j e c t o r i e s  is 
constructed;  however, these  would have a focusing e f f e c t  a t  
t h e  e a r t h .  Figures 1 and 2 of Reference 5 give such t r a j e c -  
t o r i e s  i n  the r e s t r i c t e d  problem. 
t h e  parameter of mean motion (Reference 1 1 by the Univers i ty  
of Kentucky has been terminated. The d i f f i c u l t y  here is  that 
only t h e  first term i n  t h e  s e r i e s  may be i n t e g r a t e d  i n  c losed 
form. 
The expansion of t he  s o l u t i o n s  of (1 w i t h  respec t  t o  
1. 
2. 
3. 
4. 
5. 
6. 
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SECTION I. INTRODUCTION 
Most of what i s  needed as in t roduc t ion  t o  what i s  t o  
fol low can be found i n  t h e  first S ta tus  Report i n  t h e  s e c t i o n  
on ca lcu lus  o f  v a r i a t i o n s  and t h e  app l i ca t ions  of t h e  theory.  
However, we shal l  br ief ly  r e s t a t e  c e r t a i n  of the  r e s u l t s  
presented t h e r e  which will serve t o  put a proper  perspect ive 
behind what i s  t o  follow. 
Recal l  that  the  first necessary condi t ion of t h e  c l a s s i c a l  
theory i s  t h e  so-cal led Euler-Lagrange equation. The r e s u l t  
of  the  app l i ca t ion  of t h i s  equation i s  a set o f  second order 
d i f f e r e n t i a l  equat ions which must be s a t i s f i e d  along any 
t r a j e c t o r y  which m i n i m i z e s  t h e  considered i n t e g r a l .  
There a r e  a few things t o  be said concerning the  first 
necessary condi t ion.  F i r s t ,  i t  should be emphasized tha t  
t h i s  i s  not  t h e  only lmown necessary condi t ion.  I n  a 
c e r t a i n  vague sense, it i s  the "largest" i n  t ha t  i t  i n  
many cases  r e s t r i c t s  t h e  f i e l d  of candidates  t o  those 
curves which are so lu t ions  t o  c e r t a i n  d i f f e r e n t i a l  equations.  
Accordingly, i f  a general  so lu t ion  i s  a v a i l a b l e  t o  these  
equations,  t h e  problem i s  reduced t o  t he  appropriate  s e l e c t i o n  
of the  arbitrary constants  i n  this general  so lu t ion .  
However, i t  i s  not a p r i o r i  known tha t  t h e r e  i s  a 
s o l u t i o n  t o  t h e  minimization; i . e . ,  t h e r e  i s  no guarantee 
that  some p a r t i c u l a r  so lu t ion  t o  t h e  aforementioned d i f f e r -  
e n t i a l - e q u a t i o n s  a c t u a l l y  minimizes the considered i n t e g r a l .  
On the o t h e r  hand, given t h a t  t h e r e  i s  a so lu t ion ,  it i s  not  
evident  that  t h e r e  i s  only one. 
The o t h e r  necessary condi t ions t o  t h e  c l a s s i c a l  theory  
a r e  concerned with these  questions.  In  addi t ion ,  they are 
sometimes he lp fu l  i n  t h e  appropriate  de te rmina t ion  of t h e  
arbitrary constants  previously mentioned. 
. 
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SECTION 11. THE TRANSVERSALITY C O N D I T I O N  
Recal l  t h a t  t h e  bas i c  problems of t h e  c lass ica l  theory  
are b u i l t  around t h e  minimization ( o r  maximization) of an 
i n t e g r a l  
J = l t ' f ( t ,  x, 2 ) d t  
0 
by the  appropr ia te  s e l e c t i o n  of t h e  func t ion  
from a c e r t a i n  def ined class of "admissible" func t ions .  
The student o f  the  ca l cu lus  of v a r i a t i o n s  i s  f r equen t ly  
asked f o r  convenience t o  t h i n k  of t h e  func t ion  x ( t )  as 
desc r ib ing  a curve i n  (t, x)  space and t h e  i n t e g r a l  J i s  
thought of as some proper ty  of t h e  admissible  curves such 
as t h e i r  lengths.  Such an i n t e r p r e t a t i o n  w i l l  be h e l p f u l  
i n  d iscuss ing  the a p p l i c a t i o n  of t h e  t r a n s v e r s a l i t y  condition. 
One of t h e  f i r s t  problems considered i n  the  ca l cu lus  of 
v a r i a t i o n s  i s  the minimization of the  i n t e g r a l  J r e l a t i v e  t o  
curves x ( t )  which have f i x e d  end po in t s .  such i s  t h e  case 
when f ind ing  the  curve of minimum l e n g t h  between two f i x e d  
poin ts .  I n - t h i s  case, one of the  p r o p e r t i e s  of  t he  admissible  
curves i s  that they  must connect t he  two p o i n t s  under consid- 
e r a t i o n .  Of course, i t  i s  not d i f f i c u l t  t o  gene ra l i ze  t h i s  
problem t o  one of v a r i a b l e  end p o i n t s  by at tempting t o  f i n d  
the curve o f  minimum leng th  connecting two surfaces .  Also, 
it i s  not  d i f f i c u l t  t o  see  t ha t  t h e  s o l u t i o n  of t h e  problem 
i s  s t i l l  a s t ra ight  l i n e ;  it i s  but necessary t o  f i n d  the  
appropr ia te  po in t  on each sur face  t o  which the end p o i n t s  
of the  s t r a i g h t  l i n e  are t o  be connected. 
It i s  i l l umina t ing  t o  r e a l i z e  t ha t  f o r  t h i s  problem 
the Euler-Lagrange equat ions d i c t a t e  that  the s o l u t i o n  t o  
the problem s h a l i  be-a  s t ra ight  l i n e .  The genera l  s o l u t i o n  
t o  the  d i f f e r e n t i a l  equat ions r e s u l t i n g  from a p p l i c a t i o n  of 
t h e  Euler-Lagrange equat ions i s  the  family of a l l  s t r a i g h t  
l i n e s .  For t h e  f ixed  end-point problem, we simply determine 
. 
t h e  unique s t r a i g h t  l i k e  defined by t h e  f ixed  end-points. 
I n  t he  v a r i a b l e  end-point problem, the  t a s k  i s  reduced t o  
t he  s e l e c t i o n  of the  sho r t e s t  l i n e  segment connecting a 
po in t  of one surface t o  a point of another.  
I n  general ,  t h e  Euler-Lagrange equations a r e  app l i cab le  
i n  the  v a r i a b l e  end-point problem j u s t  as i n  t h e  fixed end- 
po in t  problem and y i e l d  t h e  same d i f f e r e n t i a l  equat ion i n  
both  problems , 
I n  the  t r a j e c t o r y  ana lys i s  with which we are concerned, 
the  fixed end-point problem would correspond to the s t i p u -  
l a t i o n  of a l l  p o s i t i o n  and ve loc i ty  coordinates  a t  each end 
of a given s tage.  A s  pointed out i n  t h e  f i rs t  s t a t u s  r epor t ,  
t h i s  gene ra l ly  r e s u l t s  i n  a two-point boundary value problem, 
and under normal condi t ions can be expected to determine a 
unique s o l u t i o n  t o  t he  governing d i f f e r e n t i a l  equations,  j u s t  
as i n  t he  case of two poin ts  determining a unique l i n e  
segment. 
However, this f ixed  end-point problem gene ra l ly  does not  
correspond t o  the  phys ica l  problem w i t h  which we are confronted. 
Rather, our  problem i s  genera l ly  one of v a r i a b l e  end-Doints- 
For example, as explained i n  S t a t u s  Report # l , - t h r u s t  termi- 
n a t i o n  for t h e  uppermost s tage i s  def ined by a set of mission 
c r i t e r i a  which s t a t e  necessary and s u f f i c i e n t  condi t ions  f o r  
eventual  mission fu l f i l lmen t .  There i s  no reason t o  expect 
t ha t  t h e r e  w i l l  genera l ly  e x i s t  exac t ly  one s e t  of s ta te  
v a r i a b l e s  a t  th rus t  terminat ion s a t i s f y i n g  t h e s e  c r i t e r i a .  
(Consider, f o r  example, t h e  mission of ob ta in ing  a c i r c u l a r  
o r b i t  , ) 
We consider,  t he re fo re ,  t h a t  the mission c r i t e r i a  
gene ra l ly  def ine  a su r face  ( i n  phase space) on which the  
end-point must l i e .  The number of degrees of freedom of  
this su r face  will, of course, depend on t h e  mission s t a t e -  
ment, i.e., on the  p a r t i c u l a r  set  of  mission c r i t e r i a .  
The t r a n s v e r s a l i t y  condition i s  a condi t ion  app l i cab le  
i n  the  v a r i a b l e  end-point problem. Generally, one ob ta ins  
one condi t ion  f o r  eaoh degree of freedom on t h e  t e rmina l  
su r f aces ,  I n  e f f e c t ,  then, t h e  t r a n s v e r s a l i t y  condi t ion  
w i l l  f u r n i s h  thqse  condi t ions f o r  s e l e c t i n g  the  best po in t  
of  the  te rmina l  surface.  I n  t h i s  sense, i t  i s  a device f o r  . 
determining c e r t a i n  of t h e  a r b i t r a r y  cons tan ts  of i n t e g r a t i o n  
mentioned previously,  thereby reducing t h e  problem once again 
to a two-point boundary value problem. 
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For severa l  s tages ,  t h e  t r a n s v e r s a l i t y  condi t ion  i s  
appl icable  a t  t h e  po in t s  of junc t ion  of successive stages. 
This  i s  very important from t h e  s tandpoint  of reducing 
t h e  number o f  independent parameters under cons idera t ion .  
D r .  Boyce o f  Vanderbil t  Univers i ty  i s  i n v e s t i g a t i n g  t h e  
p o s s i b i l i t y  of i n f e r r i n g  c e r t a i n  general  r e l a t i o n s h i p s  
between t h e  undetermined m u l t i p l i e r s  across  s t age  junc t ions  
by employing t h e  t r a n s v e r s a l i t y  condi t ions.  
i s  tha t ,whi le  the t r a n s v e r s a l i t y  condi t ions do gene ra l ly  
de f ine  t h e  behavior of the  m u l t i p l i e r s  a t  s u c r p o i n t s ,  the  
d e f i n i t i v e  condi t ions a r e  i m p l i c i t  and f u r t h e r ,  are dependent 
on q u a n t i t i e s  def ined by the  s o l u t i o n  t r a j e c t o r y .  Therefore,  
no d i r e c t  ca l cu la t ion  i s  a t  present  feas ib le ,and  it i s  
necessary t o  increase  t h e  order  of t h e  i s o l a t i o n s  a s soc ia t ed  
w i t h  t h e  numerical determinat ion o f  t he  s o l u t i o n  o f  the  
two-point boundary value. Consequently, the only advantage 
p resen t ly  of fe red  by t h e  t r a n s v e r s a l i t y  condi t ion  (except 
i n  c e r t a i n  spec ia l  cases)  i s  t o  convert the  opt imiza t ion  
o f  t h e  add i t iona l  parameters encountered i n  each new s t a g e  
t o  an i s o l a t i o n  f o r  t h e i r  proper (optimized) values .  
The problem 
SECTION 111. THE J A C O B 1  C O N D I T I O N  
Another necessary condi t ion  o f  t h e  theory i s  t h e  so- 
c a l l e d  Jacob i  condi t ion.  T h i s  condi t ion  i s  r e l a t e d  t o  t he  
ex is tence  and uniqueness of a minimizing t r a j e c t o r y .  The 
app l i ca t ion  of t h e  condi t ion  r e s u l t s  i n  a c e r t a i n  accessor  
Euler-Lagrange equations a r e  again appl icable .  However, 
f o r  t h i s  minimization, t h e  a p p l i c a t i o n  of t h e  Euler-Lagrange 
equat ions r e s u l t s i n  d i f f e r e n t i a l  equat ions of a simple type.  
The equations a r e  i n  f ac t  l i n e a r  and homogeneous. That t h e i r  
s o l u t i o n s  can be numerically inves t iga t ed  i s  pointed out  by 
D r .  R. W. Hunt i n  h i s  r epor t  " U t i l i z a t i o n  of t h e  Accessor 
Minimum Problem i n  Tra j ec to ry  Analysis, '' (MTP-AERO-62-7bg. 
I n  e f f e c t ,  f o r  a given supposed minimizing t r a j e c t o r y  
determined by so lv ing  the  two-point boundary value problem 
r e s u l t i n g  from t h e  Euler-Lagrange equations,  t h e  Jacobi  
condi t ion  can be numerically checked a t  each t ime poin t  on 
t h e  t r a j e c t o r y .  
by D r .  Hunt and i s  p resen t ly  i n  use.  
minimum problem which i s  an a s soc ia t ed  problem t o  + which 
A program f o r  doing t h i s  has been developed 
One of t h e  reasons f o r  t h e  importance of the Jacobi  
condi t ions ( i n  a d d i t i o n  t o  being a necessary condi t ion)  i s  
tha t ,  i n  combina.tion w i t h  c e r t a i n  o t h e r  condi t ions of the 
theory, a condi t ion f o r  su f f i c i ency  can be t h e o r e t i c a l l y  
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determined. Therefore, t he  check f o r  t he  Jacobi  condi t ion 
a c t u a l l y  provides a s t e p  forward i n  being ab le  t o  make 
absolu te ly  c e r t a i n  statements as t o  the  opt imal i ty  o f  a 
given t r a j e c t o r y .  The remaining condi t ions t o  be met f o r  
su f f i c i ency  a r e  the Legendre (o r  Weiers t rass)  condi t ion 
and Hi lbe r t ' s  non-singular i ty  condi t ion.  It is  f e l t  that 
these checks can be eventual ly  c a r r i e d  out w i t h  no p r i n c i p a l  
d i f f i c u l t i e s .  
SECTION N. AN APPLICATION OF THE PONTFXAGIN PRINCIPLE 
TO REENTW TRAJECTORY OPTIMIZATION 
A. INTRODUCTORY RENARKS 
The r een t ry  phase of any type of mission which i s  
designed t o  r e t u r n  a man to t he  e a r t h ' s  sur face  will here 
be assumed t o  start  a t  t h e  a l t i t u d e  above t h e  e a r t h ' s  
surface a t  which t h e  e a r t h ' s  atmosphere begins t o  have 
a measurable e f f e c t  upon t h e  f l i g h t  path of  t h e  manned 
vehicle.  The r een t ry  phase i s  assumed t o  have ended when 
parachutes o r  some o the r  type of landing device can be 
sa fe ly  employed. 
the  dece lera t ion  h i s t o r y  and t h e  range covered. These 
q u a n t i t i e s  depend most s t rongly  on t h e  r een t ry  condi t ions 
and t h e  a t t i t u d e  h i s t o r y  of the  vehic le .  
eventual ly  be able t o  determine t h e  ex ten t  of v a r i a t i o n s  
i n  reent ry  condi t ions t h a t  can be t o l e r a t e d  when optimum 
a t t i t u d e  h i s t o r i e s  a r e  used t o  ob ta in  s a t i s f a c t o r y  decel-  
e r a t ions  and range coverage. These " reent ry  windows" are 
needed t o  determine guidance i n  previous phases of t h e  
f l i g h t  p r o f i l e ,  
t o  do this, The Pontryagin Maximum P r i n c i p l e  i s  appl ied i n  
computing t h e  optimum reent ry  t r a j e c t o r i e s ,  and some i n f o r -  
mation on t h e  numerical behavior- of t h e  Pontryagin H func t ion  
i s  obtained. 
extremized here  i s  only one o f  many poss ib l e  func t ions  t ha t  
may be s tudied.  It i s  not ye t  lanown what func t ion  i s  most 
des i r ab le  t o  be extremized physical ly .  
Some important proper t ies  of t h e  r een t ry  f l i g h t  .are  
It i s  des i r ed  to 
T h i s  r e p o r t  covers some f irst  steps i n  developing decks 
The i n t e g r a l  of t o t a l  drag squared that i s  
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B. BRIEF DESCRIPTION O F  THE PONTRYAGIN PRINCIPLE 
Consider t h e  following system of equat ions:  
where ( u l ,  .. ., U p )  a r e  t h e  con t ro l  va r i ab le s  and ( x i ,  . .., Xn) 
a r e  t he  s ta te  va r i ab le s .  The quan t i ty  
n 
i =1 
i s  t o  be extremized a t  some time (tf) a f t e r  t h e  i n i t i a l  
time (to). 
t o  be known. The C i ' S  are a r b i t r a r y  cons tan ts  and t h e  
values  which they a r e  assigned determine what combinations 
of t h e  X i ' s  are extremized a t  t f .  
A t  to t h e  values f o r  xl, . . . , Xn a r e  assumed 
I n  order  to spec i fy  f u r t h e r  t h e  manner i n  which 
n 
i s  to be extremized, t h e  a d j o i n t  system of  equat ions i s  
def ined:  
Introducing t h e  func t ion  H = X i f i  (i = 1, . . . , n)  allows t h e  
o r i g i n a l  system and t h e  a d j o i n t  system of equat ions t o  be 
w r i t t e n  i n  t h e  following form: 
. 
(i = 1, ..., n)  . aH and ii = - - 3x1 
i3H 
i 3 X i  . xi = -
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- .  
Now t h e  Pontryagin P r inc ip l e  can be stated i n  t h e  
fol lowing form. If S i s  to be a minimum a t  t f ,  i t  i s  
necessary tha t  the  con t ro l  va r i ab le s  ( u ~ ,  ..., up) be 
chosen a t  to and every time t h e r e a f t e r  i n  such a w a y  t h a t  
H a t  each such f i x e d  t i m e  i s  a maximum with respec t  to 
these con t ro l  va r i ab le s .  I f  i t  i s  des i r ed  t h a t  S be a 
maximum a t  tf,  then  H must be a minimum with r e spec t  t o  
'ul, ..., up a t  every to 5 t 5 tf .  Associated with t h e  
Pontryagin P r i n c i p l e  a r e  r e l a t i o n s  which determine the  
i n i t i a l  values f o r  t he  X i l s  i n  t h e  fol lowing three cases.  
Case 1 I f  none of t h e  x l ,  . . . , xn are des i r ed  to have 
an assigned value at a f ixed  t f ,  then  S w i l l  be 
extremized a t  t h i s  t f  i f  
Since X i ( t f )  i s  r e l a t e d  to X i ( t 0 )  by the  iCi, 
t h i s  r e l a t i o n  e s s e n t i a l l y  s p e c i f i e s  a l l  - n 
X i ( t o ) *  
Case 2 I f  some o f  t h e  x l ,  ..., xn a r e  des i r ed  to have 
an  assigned value a t  a f ixed  t f ,  then  S w i l l  be 
extremized and q of the  X i ' s  wi l l  be s p e c i f i e d  
a t  t h i s  tf i f  q of the  X i ' s  a t  to a r e  chosen s o  
t h a t  q of t he  x i ' s  a t  tf have s p e c i f i e d  values.  
Then Xi = - c i  f o r  i = q +- 1, ..., n. 
Case 3 I f  i n  e i t h e r  of t he  two previous cases  a f i x e d  
tf i s  not spec i f ied ,  t hen  one a d d i t i o n a l  condi t ion  
i s  necessary to define a l l  o f  t he  X i ' s  a t  to. 
T h i s  condi t ion  i s  that  H a t  tf = 0. 
T h i s  formulat ion of t h e  Pontryagin P r i n c i p l e  can be 
appl ied  to determining the  con t ro l  v a r i a b l e s  ( u l ,  ..., U T )  
as func t ions  of time so t h a t  the quan t i ty  S w i l l  be maximized 
or minimized a t  the  r i g h t  hand end poin t .  
boundary condi t ions f o r  t h e  o r i g i n a l  system of equat ions will 
be s a t i s f i e d  a t  t he  r i g h t  hand end poin t  i f  t he  X i ' s  a t  to 
a r e  chosen properly.  
# 1 may be made here:  
should be -1, and t h e  condition on p ( t )  should be o m i t t e d .  
Also, the  desired 
A co r rec t ion  to Figure 6 on page 42 of S t a t u s  Report 
The las t  element of t h e  C vector  
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C ,  REENTRY PROBLEM FORMULATION 
Figure 1 shows*the geometry o f  t h e  problem with t h e  
appropriate  angles  and f o r c e s  p ic tured .  
presenta t ion  f a c i l i t a t e s  t h e  mathematical formulat ion of 
the  problem i n  a two-dimensional Car tes ian  coordinate  
system w i t h  o r i g i n  a t  the  cen te r  o f  a non-rotat ing s p h e r i c a l  
e a r t h .  The y-axis  of t h i s  coordinate  system passes  through'  
a space f ixed  re ference  poin t .  
T h i s  geometrical  
The r e s i s t i n g  fo rce  o f  t h e  e a r t h ' s  atmosphere a c t i n g  
on t h e  vehicle  can be broken i n t o  two components. One 
a c t s  perpendicular  t o  t h e  long body a x i s  and 
ac ts  along t h e  long body ax i s ,  and a r e  computed 
by 
P 
2 
X = cX A - V 2  
P 
2 
N = C Z  A - V 2  
- _ _  
V i s  t h e  magnitude o f  the  v e l o c i t y  vector ,  p t h e  d e n s i t  
t h e  e a r t h ' s  atmosphere ( taken from the  1959 ARDC tables T , 
A t h e  f r o n t a l  a r e a  o f  t h e  vehic le ,  and cx and cz a r e  t h e  
aerodynamic c o e f f i c i e n t s  f o r  t h e  vehicle .  The c o e f f i c i e n t s  
a r e  assumed t o  be func t ions  only o f  t h e  angle (a) between 
t h e  long m i s s i l e  a x i s  and t h e  ve loc i ty  vec tor  f o r  Mach numbers 
larger than 2. 
and t h e o r e t i c a l  p red ic t ions  of t h e  e f f e c t s  of a r e s i s t i n g  
medium on t h e  vehic le .  
of 
cx+and cz a r e  obtained f rom wind tunne l  d a t a  
Expressing t h e  a x i a l  f o r c e  and t h e  normal f o r c e  i n  the 
Car tes ian  re ference  system along w i t h  t h e  components of the 
g r a v i t a t i o n a l  fo rce  i n  t h e  same system produces t h e  two 
components of t h e  a c c e l e r a t i o n  vector  shown i n  Figure 1. 
If xo, yo, ko, and $o a r e  given, t h e s e  equat ions can be 
in t eg ra t ed  numerically to o b t a i n  x, y, 5 ,  and $ as func t ions  
of t ime i f  a as a func t ion  of time i s  a l s o  mown. The next 
s e c t i o n  explains how a as a func t ion  of  time i s  t o  be d e t e r -  
mined. 
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D. APPLICATION OF THE POIlTFXAGIN PRINCIPLE 
Two new va r i ab le s  ( u  gnd v)  a r e  introduced i n t o  t h e  
problem so t ha t  t h e  2 and y system of equat ions can be put 
i n t o  a form similar t o  t h e  o r i g i n a l  system of equat ions i n  
Sect ion B. 
; r , = ; c = f , = u  
K, = $ = f 2  = v 
.. 
xg '= u = f3 = x  
.. ;c, = ir = f, = y 
I n  this form t h e  system of equat ions has fou r  state va r i ab le s  
x l ,  xg, xg, and x,. One other  e x t r a  variable i s  now defined.  
r 7 
m 
Then k5 = k = f, = 
T h i s  al lows t h e  quant i ty  t o b e  extremized t o  be w r i t t e n  i n  
t h e  form 
5 s=c c i  x i  (tk) (where c l  = c, = c3 = e, = 0, and c5 = -1). 
i=1 
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m 
Therefore,  S = - Z ( t f )  = - L y [ ( - )  x 2  + 
m 
Now H f o r  t h i s  a p p l i c a t i o n  becomes 
H = X, f ,  + x, f2 + x, f ,  + 1, f 4  + x, f 5  
The angle  a i n  fl through f 5  has been taken as the  con t ro l  
v a r i a b l e  and must be chosen a t  to and every time t h e r e a f t e r  
s o  that  H w i l l  be a minimum w i t h  respec t  t o  a a t  these  t imes.  
The minimization of H w i t h  r e spec t  t o  a a t  to - < t < tf i s  
then  a requirement f o r  z ( t f )  t o  be a minimum. MinTmizing z 
does not  necessa r i ly  in su re  that  the  peak dece le ra t ion  w i l l  
be a minimum, but i t  does imply that  i f  t h e  peak dece le ra t ion  
i s  l a r g e  the dura t ion  w i l l  be s h o r t .  T h i s  i s  important 
because the amount of dece le ra t ion  tha t  a man can s tand  
depends both on i t s  magnitude and i t s  dura t ion .  
Figure 2 i s  an i l l u s t r a t i o n  of the behavior of the H 
func t ion  on an optimum t r a j e c t o r y .  H i t s e l f  i s  not  shown, 
f o r  reasons of b e t t e r  showing i t s  v a r i a t i o n  over a. The 
func t ion  HI that i s  shown w a s  a l s o  used i n  the computations 
f o r  t h e  same reason, and i s  made up of only t he  terms i n  
Ekthat depend on a. HI has its extremums a t  the same values  
of a t ha t  H does, but w i l l  not remain constant  over t h e  
t r a j e c t o r y  as H should do. A s  can be seen from the f igu re ,  
t h r e e  d i f f e r e n t  a's can be chosen at  every t i m e  which will 
produce r e l a t i v e  minimums of  H 1  w i t h  r e spec t  t o  a a t  these 
times. The same i s  t r u e  f o r  r e l a t i v e  maximums of HI w i t h  
r e spec t  t o  a. The mul t ip l e  s o l u t i o n s  which occur as t h e  
body i s  ro t a t ed  through 360 degrees  are due t o  t he  shape of 
t h e  r een t ry  vehic le  assumed. Since the  r e e n t r y  veh ic l e  i s  
a three-sided body, t h e r e  are t h r e e  a ' s  which produce r e l a t i v e  
m a x i m a  of H with r e spec t  t o  a a t  to < t < tf .  
problem the s o l u t i o n  nea res t  t o  a zero angle  of a t t a c k  (a) 
i s  always chosen, w i t h  t he  o ther  choices intended f o r  l a t e r  
study. 
i n t e g r a t e  the  X i ' s  and the  X i ' s  (i = 1, ..., n) i s  the n 
i n i t i a l  values  f o r  the A ' s .  The s ta tements  given i n  Sec t ion  B 
i n d i c a t e  t h a t  Xi ,  X,, X3, and x4 should be chosen a t  to so 
that  xi, x2, x,, and x4  a t  t f  will have the  des i r ed  values.  
Since i t  i s  a l s o  requi red  t h a t  S be extremized a t  tf,  
x, = - c5 = 1 a t  tf.  
r e l a t i o n s  which must be satisfied t o  minimize o r  maximize 
z a t  tf while  a l s o  s a t i s f y i n g  some o t h e r  condi t ions  on the  
For this 
The only @her informa$ion t h a t  i s  needed t o  numerically 
These equations a r e  t h e  necessary 
X i ' s  a t  tf.  
E. ANALYSIS AND RESULTS 
The concepts stated i n  the previous paragraphs have 
been incorpora ted  i n t o  a computer program which determines 
x, y, k, $, and a as funct ions of t i m e  such t h a t  the i n t e g r a l  
over  t i m e  of the square o f  t h e  t o t a l  d e c e l e r a t i o n  cail-be 
e i t h e r  maximized o r  minimized af; t f .  
needs i n i t i a l  values  f o r  x, y, x, $, Xi, X,, X, and X,. 
A s  i npu t  t h i s  program 
For a sample problem the  cu tof f  condi t ions  of a C - 1  
A t  a 120 km a l t i t u d e  the  
These cu tof f  condi t ions were used t o  provide t h e  
r e e n t r y  t e s t  f l i g h t  were used. 
v e l o c i t y  achieved was 8855 m/sec with a 94 degree path 
angle .  
x, y, 2,  and as input  f o r  t h e  computer program. A 
systematic  v a r i a t i o n  o f  the i n i t i a l  X ' s  was made t o  observe 
the  e f f e c t s  these i n i t i a l  X's have on the  values  of x, y, 
5,  and $ a t  t h e  end of t h e  r een t ry  phase. Figure 3 shows 
the type of descent caused by two d i f f e r e n t  sets of i n i t i a l  
X I S .  The s h o r t e r  range t r a j e c t o r y  has a peak d e c e l e r a t i o n  
of approximately 10 g ' s  while t h e  longer  t r a j e c t o r y  encounters 
only 2 g ' s .  
F. CONCLUSIONS 
The preliminary'investigation of t he  behavior G Z  the 
descent  t r a j e c t o r i e s  ( f o r  t h e  sample problem) as t h e  i n i t i a l  
X ' s  a r e  va r i ed  i n d i c a t e s  t h a t  i n i t i a l  X ' s  can be found which 
provide s u b s t a n t i a l  v a r i a t i o n s  i n  the  range from start  t o  
f i n i s h  of the r e e n t r y  phase while maintaining t o l e r a b l e  
d e c e l e r a t i o n  l e v e l s .  The next s t e p  i n  the problem will be 
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a mechanlzation of t h e  s ta tements  presenteq i n  Sec t ion  B 
which give condi t ions on the  i n i t i a l  X's t d  produce a s e t  
of des i red  condi t ions  a t  t h e  lower  end of t h e  r e e n t r y  
phase. Also, t h e  e f f e c t  of extremizing o t h e r  func t ions  
of the  path w i l l  be s tud ied .  If a computer program can 
be developed t o  i s o l a t e  a des i r ed  descent pa th  au tomat ica l ly ,  
t hen  t h e  developed procedures w i l l  become a u s e f u l  t o o l  i n  
i n v e s t i g a t i n g  d i f f e r e n t  sets of i n i t i a l  condi t ions  (x, y, 
A, and y)  and d i f f e r e n t  shapes of r e e n t r y  vehic les .  By t h i s  
means then t h e  mission and accuracy requirements needed i n  
t h e  
can 
1. 
2 .  
3 .  
development o f  adapt ive guidance f o r  t h e  ascent  guidance 
be generated. 
REFEmNCES 
I I  Rozonoe'r, L. I . ,  L. S. Pontryagin Maximum Pr inc ip l e  i n  - -  
the Theory of Optimum Systems, 'I Avtomatika i Telemekhanika, 
October. November. and December 1959. Translated i n  - - -  - 
Automation and Remote Control , June , J u l y -  and August 1960. 
M T P - A E R O - ~ ~ - ~ ~ ,  "S ta tus  Report #1 on Theory of Space 
F l igh t  and Adaptive Guidance," dated March 1, 1962. 
Kopp, Richard E. ,  1 1  Pontryagin Maximum P r i n c i p l e , "  
Chapter 7 of Optimization Techniques. 
George Leitmann, Univers i ty  of Ca l i fo rn ia ,  Berkeley, 
Edi ted by 
Ca l i fo rn ia .  
LARGE COMPUTER EXPLOITATION 
BY 
Nolan J. Braud 
Page intentionally left blank 
LARGE COMPUTER EXPLOITATION 
BY 
Nolan J. Braud 
SECTION I. INTRODUCTION 
The f irst  s t a t u s  r epor t  l i s ts  three major areas of 
s c i e n t i f i c  d i s c i p l i n e s  which are being inves t iga t ed  t o  
advance the s ta te -of - the-ar t  i n  achieving numerical r e s u l t s  
of problems i n  support  of Space F l i g h t  and Guidance Theory. 
These areas are a func t ion  d i f f e r e n t i a l  generator ,  the  
development of a s t a t i s t i c a l  model, and i n v e s t i g a t i o n s  of 
mul t iva r i an t  f u n c t i o n a l  models. The purpose of t h i s  r e p o r t  
i s  t o  b r i e f l y  i n d i c a t e  the s t a t u s  of development i n  these 
three areas s i n c e  the publ ica t ion  of the first r e p o r t .  
SECTION 11. FUNCTION DIFFERENTIAL GENERATOR 
The func t ion  d i f f e r e n t i a l  genera tor  i s  a computer 
program that  w i l l  d i f f e r e n t i a t e  a c e r t a i n  c l a s s  of a lgeb ra i c  
and t ranscendenta l  expressions automatical ly ,  where t h e  
allowable c l a s s  of expressions must be closed under d i f f e r e n t i -  
a t i o n .  A t  the  t i m e  o f  the f i r s t  s t a t u s  r epor t ,  the Univers i ty  
of North Carolina had developed a working model which had been 
success fu l ly  employed i n  generat ing the c o e f f i c i e n t s  f o r  the 
T a y l o r ' s  Se r i e s  expressions of the s impl i f i ed  f lat-earth 
ca l cu lus  of  v a r i a t i o n s  problem. Only first order  d e r i v a t i v e s  
were evaluated;  however, s ince  then extension of s i z e  limita- 
t i o n s  and o the r  c h a r a c t e r i s t i c s  were added s o  t ha t  h igher  
o rde r  d e r i v a t i v e s  could be obtained. 
Some of  the f e a t u r e s  which are being incorporated i n t o  
the program are: 
An inc rease  i n  the l i m i t  of l eng th  of the inpu t  
s t r i n g  t o  more than twice i t s  o r i g i n a l  s i z e .  
An increase  of the l i m i t  of l e n g t h  of t h e  s t r i n g  
which may be generated t o  4200 alpha-numeric 
charac te rs .  
The e l imina t ion  o f  dup l i ca t e  values  i n  the matrix 
which i s  to be operated on. 
The inc lus ion  of a symbolic d i f f e r e n t i a l  opera tor  
s o  that chain d i f f e r e n t i a t i o n  can be accomplished. 
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(5) The ability to evaluate derivatives and partial 
derivatives. 
Upon completion of these modifications the program will 
be employed to generate the Taylor's Series of second order. 
Then convergence and error properties will be investigated. 
SECTION 111. STATISTICAL MODEL DEVELOPMENT 
The disciplines involved in statistical model develop- 
ment are fairly well defined. The procedures are straight- 
forward and very little changes in operation were introduced 
since the last report. The single major revision was the 
incorporation of the "Three Dimensional Optimum Trajectory 
Program" by Auburn University (Reference 1). The oblateness 
of the earth was later included in these equations and three 
dimensional (position wise) statistical models are now being 
used. This results in the nature of the steering and cut- 
off functions in the path adaptive guidance mode being 
where the "o "  subscript refers to instantaneous conditions. 
It may be noted that the (m/m)o term as shown in the first 
status report has been dropped from consideration for the 
time being, because it cannot presently be determined 
accurately enough during the flight of a vehicle. 
SECTION IV. MULTIVARIANT FUNCTIONAL MODELS 
The comparison of various multivariant function approxi- 
mating procedures is being continued with major emphasis being 
devoted to least squares and linear programming techniques. 
The least squares methods are still providing the majority of 
useful results but the linear programming investigations have 
not been carried far enough to come t o  any conclusive decision 
as to a preference. 
Chrysler Corporation and Northeast Louisiana State College 
are devoting their efforts to investigations in the area of 
least squares techniques while the University of North Carolina 
is investigating linear programming. The efforts of Northeast 
have resulted in the development of sufficiency conditions for 
the existence of multivariant least squares approximating 
functions, whereas the use of orthonormal polynomials is being 
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investigated by Chrysler as a means of writing guidance 
equations. By the use of  orthonormal polynomials, one 
gains control of errors introduced by computation pro-. 
cedures. This is broughtout by the fact that when normal 
equations of excessive length are used in the determination 
of least squares coefficients, ill-conditioned or singular 
matrices are often encountered. This doesn't happen when 
orthonormal polynomials are used. The theory behind this 
technique of determining least squares polynomials and an 
indication of means to select the "best" set of tabulated 
data for use in the numerical approximating procedure is 
contained in Reference 2. 
North Carolina is endeavoring to increase the speed of 
convergence of the revised simplex method to the solution 
of the dual problem which appears in the linear programming 
procedure. The linear programming procedure requires opera- 
tion on an expres'sion which is derived from an inequality 
condition. The fundamental problem as normally stated is 
referred to as the primal problem; however, the problem 
can be reformulated when the inequality is reversed, in 
which case it is referred to as the dual. In doing this, 
advantage is taken of the duality theorem which states in 
essence that if the primal problem has a solution then the 
dual problem also has a solution. 
Normally this pair of problems has constraints which 
for one problem equals the number of data points and for 
the other problem equals the number of unknown coefficients 
in the approximating function. The number of constraints 
directly influences the speed of convergence in each problem, 
arid since the number of data points is much greater than 
the number of unknown coefficients, the latter may be the 
most economical problem to solve. A formulation of this 
nature has been made by the University of North Carolina 
and 
1. 
2. 
will be evaluated by MSFC. 
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SECTION I. INTRODUCTION 
The S c i e n t i f i c  d i s c i p l i n e  development w i t h  which the 
preceding chapters  have been c h i e f l y  concerned has two 
a t t r i b u t e s  which may be mentioned here .  F i r s t ,  t he  s t u d i e s  
being made i n  that a r e a  are s l a n t e d  toward gaining an under- 
s tanding  of t h e  na ture  of t h e  problems w i t h  which w e  are 
faced,  i s o l a t i n g  and resolving t h e  d i f f i c u l t i e s  encountered 
when known theory  and techniques a r e  appl ied  t o  t h e s e  problems, 
and at tempting t o  extend theory and techniques where most 
desirable. Second, the end r e s u l t  that i s  desired is  the 
a b i l i t y  t o  c a r r y  out  the app l i ca t ions  t o  the Saturn program 
that  a r e  requi red  of t h i s  branch more economically and 
r igo rous ly ,  
The s i g n i f i c a n t  r e s u l t s  o f  such development work c l e a r l y  
cannot be scheduled t o  coincide w i t h  the d e s i r e s  of  an a p p l i -  
ca t ions  program, but the app l i ca t ions  program can i n d i c a t e  
where advances would be most b e n e f i c i a l ,  and it makes some 
sense  t o  d i s t r i b u t e  the s c i e n t i f i c  d i s c i p l i n e  development 
e f f o r t  accordingly.  The app l i ca t ions  a r e  then c a r r i e d  out  
w i t h  the  best theory  and techniques a v a i l a b l e  a t  the t i m e  
the  app l i ca t ions  are required.  
The following paragraphs descr ibe  some of the a p p l i c a t i o n s  
tha t  have been i n i t i a t e d  s ince  S t a t u s  Report #1 i n  Future 
P ro jec t s  Branch. They should serve  t o  i l l u s t r a t e  where t h e  
s c i e n t i f i c  d i s c i p l i n e  development i s  o r  w i l l  be used, and p a r t  
of what i s  needed. 
SECTION 11. DISCUSSIONS 
A, LUNAR ORBITAL RENDEZVOUS STUDIES 
A n  a p p l i c a t i o n  of some exten t  w a s  that  of determining 
f l i g h t  p r o f i l e s  and launch windows f o r  f l i g h t s  t o  the moon and 
back, i n  connection w i t h  a Lunar O r b i t a l  Rendezvous f e a s i b i l i t y  
s tudy.  This a p p l i c a t i o n  was n o t  completed by any means i n  the 
t e c h n i c a l  sense,  but  r e s u l t s  were obtained on some of the more 
c 
important points and presented to Dr. Shea of Office of Manned 
Space Flight on June 7, 1962. 
published as a number of individual studies (References 1 to 5). 
Most of the results are being 
The general problem may be described with the help of 
Figure 1. A space vehicle of the Saturn class is to begin its 
mission at point 1 with a launch from the latitude of Cape 
Canaveral. At point 2 a circular orbit would be obtained, and 
at point 3 an injection would be made into a lunar trajectory. 
A number of midcourse maneuvers would be possible during the 
translunar flight (point 4) ,  followed by a braking phase into 
lunar satellite orbit at 5. At point 6 part of the spacecraft 
would brake further into a landing trajectory, and would later 
launch back o f f  the surface of the moon to rendezvous with the 
part that stayed in orbit. The spacecraft would then inject 
into a return trajectory, which after possible midcourse maneu- 
vers would reenter the earth's atmosphere in such a way as to 
be able t o  safely decelerate by means of aerodynamic drag and 
land back on earth. Many practical considerations and physical 
effects enter in, such as a safe and instrumented launch azimuth 
and return approach; accelerations and aerodynamic heating on 
ascent and reentry; radiation belt and solar radiation in tran- 
sit flight; suitability of lunar landing sites and their effect 
on choice of lunar orbit; relative motion, spin rates, and 
spin orientation of earth and moon as a function of date; 
communication and abort possibilities at most points; and 
performance and guidance considerations. 
I 
A reasonable approximation to the optimum flight profile 
for this problem should not be too difficult to determine if 
analytical solutions to all phases of the flight were available. 
However, such solutions are not presently available and repre- 
sent some of the aims of the scientific discipline development. 
Therefore, numerical approaches must be applied, and due to 
the extreme complexity of the problem, various phases must be 
treated independently with assumptions that are judged to be 
reasonable made on the remaining phases. The midcourse maneu- 
ver and the lunar landing phases were not studied by this 
branch. 
A study of the return leg from lunar satellite orbit to 
suitable reentry cond-Itions is reported on in Reference 1. 
The injection conditions at the moon f o r  landing at either 
San Antonio, Texas, or Woomera, Australia was investigated 
for various declinations of the moon. The survey was made on 
a deck obtained from the Jet Propulsion Laboratory that, within 
its computational accuracy, is as representative of the true 
celestial situation as any known today. 
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Another study that was run on the same deck investigated 
the outgoing leg from earth to periselenum at various definite 
dates when such a lunar mission would be likely to be flown. 
The twisting effect found in these realistic non-coplanar 
lunar trajectories was employed to achieve the smallest 
inclination of the lunar arrival conic possible without any 
powered ''plane changing." Also, some of the principal effects 
on the trajectories due to properties of the celestial model 
not included in simplified decks were measured. These studies 
are reported in Reference 3. 
To get some picture of the effect of injection parameters 
on perise'lenum conditions on a somewhat broader scale, a 
survey of s-Jch trajectories was run on a simplified deck based 
on the restricted three body model (earth and moon traveling 
in circles about the barycenter, vehicle's mass not affecting 
their motion). 
and periselenum conditions that were found numerically are 
shown graphically in Reference 2. These results are given in 
a moon-earth-plane (MEP) coordinate system. A transformation 
of these results to geo-and selenographic coordinates, with 
flight planes being measured with respect to lunar and earth's 
equators, has been computed f o r  all expected orientations of 
the two equatorial planes, and will be published. Also, a 
means of determining the actual relationship between these 
coordinate systems on any particular date has been published 
preliminarily in Aeroballistics Division (Reference 4). 
The relationships between injection parameters 
The fact that only numerical representations of the earth- 
moon transits are presently available makes more difficult 
the optimization o f  the powered injection at earth, and brake 
and injection at moon, since part of  the end conditions f o r  
these phases are not expressible in equation form. Therefore, 
the first studies involving these powered phases have been 
made assuming only a certain energy level and flight plane to 
be required at the terminals of the powered phases. It is 
felt that the corresponding results were a fair approximation, 
especially concerning the expenses of plane changes. Some of 
the results were given in the presentation to the Office of 
Manned Space Flight, NASA Headquarters. More complete results 
will be published individually in the future. 
Two other possibilities f o r  plane changes have been studied 
by Future Projects Branch: during ascent from lift-off to 
circular orbit of earth, and during a transfer f r o m  one circular 
orbit to another of equal or different radius. The orbit to 
orbit work has not been completed. Most of the results on plane 
changing during ascent phase are being expressed in terms of 
"launch windows. I '  
41. 
It i s  probable t ha t  t h e  most economical f l i g h t  p r o f i l e  
f o r  the l u n a r  o r b i t a l  mission, independent of f i r i n g  date 
and in 'stant,  would involve no powered plane changing. 
However, f o r  var ious reasons it is  necessary to have an 
i n t e r v a l  of t i m e  on a number of da t e s  when t h e  f l i g h t  can 
begin, making plane changes necessary.  These poss ib l e  
f i r i n g  i n t e r v a l s ,  c a l l e d  ''launch windows," depend on the  
f l i g h t  p r o f i l e  t h a t  i s  planned. For example, i t  may be 
b e t t e r  due t o  engineering cons t r a in t s  such as t r ack ing  t o  
launch on a given azimuth, even though t h e  launch window 
could be enlarged by having a va r i ab le  launch azimuth. 
Each time t h e r e  is  a non-powered phase i n  the f l i g h t  
p r o f i l e ,  the launch window quest ion arises f o r  the i g n i t i o n  
of the next  powered phase ( " i g n i t i o n  window"). Some i n f o r -  
mation f o r  most such windows occurr ing i n  the LOR mission 
was given i n  the June 7 presenta t ion .  A more detai led 
s tudy f o r  the ascent  phase was completed la te r ,  based on 
optimum three-dimensional t r a j e c t o r i e s  i n j e c t i n g  i n t o  a 
space fixed c i r c u l a r  o r b i t ,  and t h e  r e s u l t s  were presented 
a t  the ARS Meetin i n  Los Angeles, Ca l i fo rn ia ,  November 13-18, 
1962 (Reference 57. 
s i t  f rom moon t o  earth a r e  included i n  Reference 1. 
Results f o r  t h e  i n j e c t i o n  i n t o  the t r a n -  
B. LUNAR LOGISTICS SYSTEMS STUDIES 
An app l i ca t ions  problem which i s  very much r e l a t e d  t o  the 
LOR problem i s  t h a t  of the  Lunar Log i s t i c s  Systems (LLS). 
The mission i s  to soft - land cargo a t  a given l o c a t i o n  on the  
moon w i t h  a C - 5  o r  C-1B type of vehic le ,  e i t h e r  d i r e c t l y ,  o r  
by first achieving a l u n a r  s a t e l l i t e  o r b i t .  
S tudies  have been made f o r  the earth-moon-transit similar 
t o  those made f o r  LOR, but more ex tens ive ly .  Relat ionships  
between i n j e c t i o n  and arrival condi t ions have been computed 
and compared on the s i m p l i f i e d  deck (mP Coordinates) over 
a wide c l a s s  o f  l u n a r  a r r iva l  condi t ions.  These condi t ions 
range continuously over and beyond t h e a f a c e  of the moon, 
from re t rograde  approaches t h a t  a r e  s u i t a b l e  f o r  l u n a r  satel- 
l i t e  o r b i t  i n j e c t i o n s ,  t h ru  l u n a r  impact approaches, t o  the 
probably imprac t i ca l  but i n s t r u c t i v e  d i r e c t  approa2hes t ha t  
are a l s o  a v a i l a b l e  f o r  i n j e c t i n g  i n t o  luna r  s a t e l l i t e  o r b i t .  
E f fec t s  of us ing  the more exact models o f  the earth-moon 
system and i n t e r p r e t a t i o n s  i n  geo- and selenographic  coordi-  
na te  systems have a l s o  been computed. The r e s u l t s  are being 
given i n  s p e c i a l  LLS presenta t ions  and w i l l  appear  l a t e r  i n  
more de t a i l  i n  the Lunar F l igh t  Study S e r i e s  of which Volumes 
1 t o  3 are published, (References 1 t o  3 ) .  Some representa-  
t i v e  t r a j e c t o r i e s  f o r  t h i s  problem computed on the JPL deck 
have been published (Reference 6 ) .  
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The work done for the LOR concerning the propelled flight 
phases of ascent to circular orbit, injection into transit, 
and braking into lunar satellite orbit is equally applicable 
to the LLS problem. The work was extended to compare C-5 and 
C-IB values for velocity budget and launch windows , and to 
give results on the way in which the lunar landing phase 
extends the area of the moon achievable by impact type of 
approaches, from vertical to horizontal. Plane changes during 
the braking phase were also studied, both as a poss ible means 
of reaching given landing sItes, and as a necessary means of 
approaching given landing sites from a given direction on any 
date. The results of these studies will be given in a manner 
similar to that of the translunar work. 
C. ADAPTIVE GUIDANCE APPLICATIONS 
An example of the teclu:iques used in arrlvlng at guidance 
functions for particular ~~3sions was given in the appli-
cations section of Status Report #1 (Reference 7). Since the 
time of that report, a deternination of the effect of seg-
menting the polynomial approximation to an upper stage steering 
function for injection into circular orbit has been made . 
The time point separating the two segments was varied , and the 
best approximations obtainable by least squares methods were 
compared for various numbers of terms in the polynomial. Of 
course, it is impossible to consider numerically al l possibili -
ties for a given number of terms, but one approach to making 
this determination was investigated. A descriptipn of these 
studies and their results will be published in report form 
soon. 
The best steering functions available by these and similar 
techniques were computed as a preliminary working set for the 
SA - 7 application. SA-7 has an orbital injection mission and 
will be the first time the adaptive guidance equations are 
actively flown. SA-5 has the same mission and will be guided 
by other means, with all adaptive guidance functions being 
computed but not followed. This set of guidance functions is 
presently being modified to meet certain hardware requirements. 
D. COASTING PERIODS DURING ASCENT PHASE 
One possible means of increasing flexibility in the attain-
ment of strongly range dependent missions , such as rendezvous, 
would be to include a coasting period of variable length at 
some va~iable time during ascent. This problem is being treated 
by the Boeing personnel attached to Future Projects Branch under 
a general C-5 contract. The mission is taken to be a t wo-dimen-
sional rendezvous with another vehicle that is already traveling 
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in a low circular orbit about  the earth. The coast period 
is permitted t o  occur at any time (restart capability 
assumed) after the end of first stage. The coasting phase 
is constrained to a minimum altitude of 100 km. The optimum 
trajectory and coasting parameters are isolated for various 
assumed values of the orbit altitude and first stage per- 
formance parameters.. The corresponding burnout weights 
provide information as t o  launch windows. The results will 
be published when suitable portions have been completed. 
8 
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